The thermally driven confinement-deconfinement transition exhibited by lattice quantum electrodynamics in two space dimensions is re-examined in the context of the statistical gauge-fields common to anyon superconductors and to spin-liquids. Particle-hole excitations in both systems are bound by a confining string at temperatures below the transition temperature T c . We argue that T c coincides with the actual critical temperature for anyon superconductivity. The corresponding specific-heat contribution, however, shows a smooth peak just below T c characteristic of certain high-temperature superconductors.
from low-temperature at both the strong and weak-coupling limits. The specific-heat is also computed, where it is characterized by a smooth bump anomaly below T c reminiscent of certain high-temperature superconductors. 18 Last, we argue that T c coincides with the actual transition temperature for anyon superconductivity.
The action for compact QED 3 at temperature T = 0 is defined by S = 1 2g 2 0 β x 3 /a=1 x µ,ν=1,2,3
where a ν (x) represents the statistical gauge-field, ∆ µ denotes the lattice difference operator, and where x = (x 1 , x 2 , x 3 ) is the three-vector that spans the cubic-lattice space-time with lattice constant a. Quantum statistical mechanics requires that the gauge-field be periodic in the time-like direction 19 x 3 = ic 0 t, where c 0 is the zero-sound speed for anyon superconductors and the spin-wave velocity for spin-liquids; i.e., a ν (x 3 + βa) = a ν (x 3 ) mod 2π, where β =hω 0 /k B T is presumed to be a positive integer, with ω 0 = c 0 a −1 as the Debye frequency-scale of the theory. Polyakov has shown that compact QED 3 is confining at zero-temperature in the weak-coupling regime, 20,21 g 0 ≪ 1. Below, we extend his instanton-gas analysis to the present case of non-zero temperature, and find that a CD-transition occurs at k B T c ∼ g 0h ω 0 .
Weak-coupling. In the limit g 0 ≪ 1, the Villain substitution for the partition function, Z = Da µ e −S , is then valid, 20−22 yielding the factorization Z = Z gauss Z inst , where Z gauss represents the gaussian ("spin-wave") approximation to the action (1), and where the corresponding instanton contribution is
Above, n(x) is an integer-field on the dual cubic-lattice, such that
is the antisymmetric integer-field dual to the minima of the periodic energy functional
(1) at a given plaquette (µ, ν).
[The link associated with ∆ λ n(x) passes perpendicularly through the plaquette associated with n µν (x).] Again, the field n(x) must be periodic in the time-like direction with period βa; i.e., the sum over timex 3 in Eq. (2) is restrict to a slab of thickness βa. After employing the Poisson summation formula on the configuration sum above (2), and then integrating over the continuous field corresponding to n(x), we arrive at the following instanton-gas ensemble:
where
is the Greens function for the d-dimensional hypercubic lattice, and where m(x) is the integer charge-field of the instanton-gas, which is also periodic in the time-like direction. Consider now two instantons of charge m(x) and m(x ′ ) centered at space-time pointsx = ( r,
respectively. Furthermore, suppose that they are widely spaced, such that | r − r ′ | ≫ βa.
Then since both configurations have period βa along the time-like direction, their mutual action (3) per elementary time-slice is proportional to
, where
is the Greens function for the square-lattice and β −1 m( r) is simply the linear charge density along time. After multiplying the latter action-density by β to get the action per period, we arrive at the following 2D CG partion function for the periodic instanton gas ensemble (3):
where the pre-factor of β To demonstrate that the preceding is in fact a CD-transition, we now compute the confinement length-scale (string-tension), and show that it diverges (vanishes) exponentially as T c is approached from low-temperature. Adapting Polyakov's zero-temperature calculation 20, 21 for the auto-correlation function of the electromagnetic fields in compact QED 3 to the present case at T = 0 reduces to the sine-Gordon reformulation of the dual 2D CG ensemble (4). 23 A straight-forward generalization of his methods then yields that the corresponding static auto-correlation function for the statistical electrodynamic field is given by g
, where the magnetic fields in the spatial directions j = 1, 2 are related to the electric field e l (x) = F 0,l (x) by b j (x) = iǫ jl e l (x), and where ξ χ (T ) denotes the Debye screening-length of the dual CG ensemble (4). Hence, the confinement length scale ξ χ (T ) is infinite above T c in the bound-instanton phase, while it diverges below T c like
in the free instanton phase, with A and B being non-universal numerical constants. 23 A corresponding adaptation of Polyakov's calculation of the zero-temperature string-tension 20, 21 σ also yields
In conclusion, correlations between the statistical gauge field have a finite range below 0 e i ( x) has integer eigenvalues n i ( x) satisfying ∆ i n i ( x) = 0. Since the latter constraint can be easily solved by taking n i ( x) = ǫ ij ∆ j n( r), where n( r) is an integer-field on the dual square-lattice, we arrive at the discrete gaussian (DG) model for surface roughening 24−26 given by
This model is dual to the 2D CG ensemble, 24 with a transition temperature k B T c ∼ = 0.73g 2 0h ω 0 . Notice also that the present DG model (7) is equal to the weak-coupling instanton action (2) for the special case of static configurations ∆ 3 n(x) = 0. Below we demonstrate that T c marks the boundary for the CD transition that also exists in the strong-coupling limit.
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Let us first determine the temperature dependence of the confinement length-scale for compact QED 3 in the present strong-coupling limit. Given the identity g
, and the fact that the latter is "proportional" to the heightheight correlation function of the surface-roughening model (7), 24 we find that the spatial Fourier transform of the auto-correlation function for the statistical electric-field is given by g
, where ξ χ denotes the Debye screening length of the dual CG ensemble. Hence, we recover precisely the same pole obtained in the prior weak-coupling analysis, with a confinement length-scale ξ χ (T ) that diverges exponentially (5) at T c , but that vanishes linearly with temperature at zero temperature. Last, the specific-heat per site for the interface roughening model (7) obtained from
Monte-Carlo simulations 25 is reproduced in Fig. 1 . It is qualitatively similar to the weak-coupling result discussed previously, with the exception that (i) the strong-coupling specific-heat saturates to the classical value of Anyon Superconductors and Spin-liquids. We now apply these results to the spin-1/2 anyon superconductor, 11 which is known to be a large-N saddle-point of the 2D t−J model near half-filling. 12 Consider then ideal spin-1/2 psuedo-fermions on the square-lattice with a statistical flux-tube of one flux-quantum attached to each. The corresponding longwavelength limit CS lagrangian is given by
in the temporal gauge a 3 (i) = 0, wheret denotes the hopping matrix-element for the psuedo-fermion (f iσ ) andȧ ν (i) =h∂a ν (i)/∂t, etc.. Also, ǫ 0 and µ 0 respectively denote the vacuum dielectric constant and the magnetic permiability for fluctuations a µ (i) of the statistical gauge-field, 11,12 while A 0 describes the statistical magnetic field due to the fluxtubes averaged over the entire lattice. 9,10 After integrating out the psuedo-fermions, one finds that the cancellation of the resulting Hall conductance against that of the CS term leads to the action (1) for compact QED 3 at zero-temperature, 12,27 with a zero-sound veloc-
f are the psuedo-fermion contribution to the dielectric constant and the magnetic permiability, respectively, with ∆ f and ξ f denoting the relevant (Hofstadter) energy-gap and magnetic length of the psuedo-fermions in the mean-field approximation.
11 Now suppose that we extend this result above zero-temperature. Then no free statistical charge can exists below T c because of confinement, implying that the Hall conductance generated by the psuedo-fermions is temperature-independent. Due to the exact cancellation of the latter against the CS-term, we (i) recover the assumption that the statistical gauge-field is described by vacuum QED 3 below T c , and find (ii) that the electromagnetic response is that of a superconductor in this regime. 
should have an s-wave-like temperature dependence at low-temperature, while it should jump to zero at the transition. In conclusion, particle-hole excitations in lattice anyon superconductors are bound by a confining string. 4, 12 The similarity between the duality of this transition to that of the 2D XY model 14, 15 and the duality of conventional superconductors in the presence of fluctuating magnetic fields to the three-dimensional XY model 29 is striking. Also, if we assume that k B T c ≪ ∆ f , then the specific-heat should be dominated by the gauge-field contribution shown in Fig. 1 . Such "rounding" of the specific-heat anomaly actually occurs in certain high-temperature superconductors.
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In the case of the quantum-disordered (spin-liquid) phase of the 2D quantum antiferromagnet, on the other hand, CP 1 calculations indicate that chiral spin-fluctuations x ǫ ij ∆ i a j ( x) at the transition. 7, 21 Last, the gauge-fields will contribute a smooth bump anomaly to the specific heat below T c (see Fig. 1 ), just as in the previous case.
To conclude, it has been demonstrated that the CD transition shown by compact QED 3 is dual to the 2D CG transition in both the weak and the strong coupling limits. It has also been argued that the corresponding transition temperature coincides with the critical temperature of ideal anyon superconductors and of spin-liquids on the square-lattice.
The former constitutes a first step towards the thermodynamics of anyon superconductors, which are perhaps the paradigm for 2D superconductivity in general.
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